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Abstract. For the partial sums (S„) of independent random variables we define a sto- 
chastic process s„(t) := (l/d n ) ^2 k< [ nt ](Sk/k — fi) and prove that 

(f /log TV) Y, (Vn)l{«n(*) < -> G t (x) a.s. 

n<JV 

if and only if (1/log TV) ~}2 n<N (l/n)¥(s n (t) < x) —¥ Gt(x), for some sequence (d„) and 
distribution Gt- We also prove an almost sure functional limit theorem for the product 
of partial sums of i.i.d. positive random variables attracted to an a-stable law with 
a 6 (1,2]. 



1. Introduction and main result 

In the past two decades many interesting extensions of the classical central limit theorem 
(CLT) have been obtained. One of the extensions is known as almost sure central limit 
theorem (ASCLT) which is discovered by Brosamler (1988) and Schatte (1988) and has 
been extensively studied for independent random variables as well as dependent variables. 
Motivated by ASCLT, almost sure versions of many limit theorems in probability and 
statistics have been obtained in the past. It is known that for i.i.d. r.v.'s ASCLT holds 
under the same assumptions as CLT but in general, the existence of the weak limit does 
not always imply the almost sure limiting result. For more discussions about the early 
results on ASCLT we refer to Berkes [l|. 

In this note we consider the product of partial sums, denoted by S n , of a sequence of 
random variables attracted to a stable distribution and its limit distributions. Rempala 
and Wesolowski 0] established the limit distribution of the product of partial sums of a 
sequence of i.i.d. positive r.v.'s with mean fi and variance a 2 : 

/rr n <?, \ ^/(""v 7 ") , r - 

(l) I ^fc=i k ) 4> fV^ ' 1 ) 



Zhang and Huang ll[ proves a weak invariance principle of ([I]) for i.i.d. r.v.'s. Recently, 
Kosihski 0] has shown that the weak invariance principle still holds when the partial sums 
are attracted to an ce-stable law with a G (1,2] which also generalizes the earlier result by 



Qi [10]. 
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Throughout this paper, log log x and logx stand for lnln(max{x, e 6 }) and ln(max{x,e}) 
respectively. We also use the notations a n <C b n for a n = 0(b n ) and 1(A) for the indicator 
function on a set A. 

Our main result in this note is to establish an almost sure version of the result by Kosihski 
B that can generalize the early results by Gonchigdanzan and Rempala and Gonchig- 
danzan 0, @] . 

Recall that a sequence of and i.i.d. r.v.'s {X n : n > 1} is said to be in the domain of 
attraction of a stable law C if there exist sequences (a n ) and (b n ) such that 

Sn ~ b n d 

r J-'a: 



where C a is one of the stable distributions with index ol G (0,2]. Moreover, let {/L a (s) '. 

s > 0} be the a-stable Levy process corresponding to C Q , that is C a (l) = C a . 
The following theorem is well known (see, e.g., Hall [3]). 



Theorem 1 (Stability Theorem). The general stable law is given, to within type, by a 
characteristic function of one of the following forms: 

(1) <p(t) = exp(—t 2 /2) (normal case, a = 2); 

(2) cf)(t) =exp(-|t|°(l -i/3sgn(i)tan(±7ra))) (0 < a < 1 or 1< a < 2, -1 < /3 < 1); 

(3) <j){t) = exp(-|£|(l + i/3sgn(i)2/7rlog|t|) (a = I, -1 < (3 < 1). 

It is worth mentioning that in Theorem [H /3 is the skewness parameter. In our paper, 
P = 1 since X\ is a positive random variable. 

The first result of this note is the following almost sure functional limit theorem: 

Theorem 2. Let {X n : n > 1} be a sequence of i.i.d. positive random variables with 
MX% = fi in the domain of attraction of an a-stable law C a with a G (1,2] and characteristic 
function as in Theorem\]\ Define a process {7r n (i) : < t < 1} by 



7T n (t) 



where (a n ) is a sequence of positive numbers that satisfies (S n — [in)ja n C a asn-> oo. 
Then for any real x 

N 

A -r i / , \ ^ \ a.s. t — i / \ 

OO 




-J-^il(vr n (t)<x) a 4-F 4 (x) as N 
log JN ^-^ n 

n=l 

where F t is the distribution function of the random variable exp ^ f Q * ds \ . 

Remark 1. If X\ has finite variance equal to a 2 then a = 2, C a = M(0, 1) and a n ~ a-^/n, 
thus Theorem [2] implies the main result of Gonchigdanzan 0] which in particular yields 
the result of Gonchigdanzan and Rempala [^] Theorem 2 since it is easy to verify that 

f 1( ^M ds l ^(0,1). 
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Moreover, Kosiriski [8] showed that for any a E (1,2] 



1 Ca(s) 



ds = (T(a + l))^ a C c 



hence Theorem [2] also yields the result of Gonchigdanzan 0] Theorem 1.1. 

Our next result is the following Berkes-Dehling type of theorem (Berkes and Dehling 0, 
Theorem 2]). 

Theorem 3. Let {Y n : n > 1} be a sequence of independent random variables and S n = 
Y\ -\ + Y n . Let (d n ) be a sequence of positive numbers such that 



(2) 



ch 



(I > k > n ) 



for some 7 > and no > 1 and 



(3) 



E 



S n — fin 



d„ 



<C e 



7 / (logn) 1 



for some constant u and 7' 6 (0,7). Then for any distribution Gt, 
N ., / , [nt] 



(4) \og N^n\d n J^ 

" n=l x fc=l 



if and only if 
(5) 



Sk 
k 



ji I < x I Gt{x) as N — > 00 



k 



1 N 1 / 1 [nt] 
logiV ^ n \d n ^ 1 ' ' ' - ' 

n=l x fc=l 

2. Auxiliary results 
The following three lemmas are needed for the proof of our main result. 
Lemma 4 (Lemma 2.3, Gonchigdanzan j^). Under the assumption of Theorem\^we have 

[nt] / a \ l nt ] 

5> 



JL 

a,, 



ixk) a n 



[nt\ 



as n —> 00. 



fc=i ' " fe=l 

Lemma 5. Under the assumptions of Theorem^ we have 



nt] 



Bn fc=i 



5fc 



ds in D[0,1]. 



Proof. This is a particular case of Theorem 2 in Kosihski [8( when /(x) = x. 
Lemma 6. Under the assumptions of Theorem^ we have 



□ 



E( — — max 

d n l<k<n 



n + 1 
3 



K-m) 



<ClognE( — max |Sfc — /c/x| ) <Clogne 

U n l<fc<n 



^'(logn) 1 e 



Proof. The first part is Lemma 1 in Gonchigdanzan [(J valid for any sequence of random 
variables. The second part is Lemma 1 in Berkes and Dehling [2] combined with the 
assumption Q. □ 
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3. Proofs of the main results 

To prove Theorem [2] we need the result in Theorem [31 Let us prove Theorem [3] first, then 
Theorem [2] for convenience. 

Proof of Theorem^ According to Berkes and Dehling [2] (p. 1647) it suffices to prove that 
for any bounded Lipschitz function g on D[0, 1] we have 



(6) fo^g^KS 



Eg ( -M ) ^4' as n — > oo, 
\dkj ) 



where s n := s n (t) = Efc<[rrt] ( S k/k - /i). 

It turns out that the following estimate is indeed sufficient for (|6j) (see p. 1648 |2| for the 
proof): 

(7) «log 2 n(loglog 



1 £ for some e > 0, 



where £ fc = g(s k /d k ) - Eg(s k /d k ). 

^ ih,n(Yk ~ A*) where 6 fcj „ = YJj=k l h- lt can be 



vviic±c t^ k — y\o k /u lk j ii^yyo k /u k j. 

Observe that Ylk=i (Sk/k - n) = Y^k 
easily seen that 

si- s k = b[ kt]+1: [ U] (S [kt] - [kt]fj) + (b[kt]+i,[it]{ Y [kt]+l ~ (*) H 1" b[it],[it)(Y[it] ~ M)) 



for Z > k. 

Obviously si - s k - b[ kt ] +li [ U ](S[ kt ] - fi[ki\) is independent of s k , so we get 
J 8k\ J si-s k - b [kt]+lt[lt] (S [kt] - nM) ^ ^ =Q {ov l>k _ 



Cov(^-), ff 



Since g is a bounded Lipschitz it follows that 



- s k - b[kt]+i,[it](S[kt] - ^[kt]) 



<C E I max 

\0<t<l 



Sk + b[ kt ] + i t [i t ](S [kt] - n[kt])\ 



ck 



di 



, T7 / l'' ; /c| \, w { \b[kt]+l,[U]( S [kt] -fAM}\ \ 
< E max — — + E max — — — — 

\o<Kl d[ J V ^'^ 1 <h ) 

d k( w ( \ s k\\^ w ( , l g [fct] -/^Nl 
= — E max — — + E max Ort+i+i r/+i ; 

Moreover, noticing maxo<t<i &[fct]4-i,pt] = l°gGA) an d applying Lemma[6]we get 

|St H i -mMI 



W6ft)l«^l«(gg 5 g^«-M) 



+ log(Z/A;)E ( max 1 N , 
\o<t<i cZ fe 



— E max — 

di \ \o<j<k d k 



j 

^b itk (Yi - n) 
i=i 

Sj - M 



+ log(Z/A;)E ( max 

\0<j<k d k 



\Sj - Mil 



«logZ^Ef max ^ - «logZ (~ V log fee"^*) 1 "* =:c fc , 

\l<j'<fc d k J \l J 
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On the other hand we also have E(£fc&) <C 1 because is bounded. Hence we estimate 
E(£fc£j) as follows: 



E^«l i^A<exp((logn) 1 -) 
( ^ j<< l c k>h if/A>exp((logn) 1 -) 



where e is any positive number. 
Thus we get 



90 E ^sEi E ^«ErW-»«iog-« 

l<fc<Z<n 
Z/fc<exp((log n) 1 " 6 ) 



l<k<l<n l<k<n /c<;<fce( io s n ) 1— £ k=l 



and 



E £|^<io g ^ e v(, s „,.-. E 

l<fc<Z<n l<fc<Z<n ^ 

Z/fc>exp ((logn) 1 " 6 ) Z/ fc > ex P ((logri) 1 -^) 



^log 2 ^^'-^^") 1 " 5 y - 



kl 

Kk<l<n 



(9) < log 4 ne (7 '- 7)(logn) e < log 2 ~ £ n 

where the last estimation follows because 7' 6 (0,7). 
Since 



/ n n 2 1 

E (E*&) « E 



by © and © it follows ©. □ 

Before proving Theorem [21 recall that it is well known that the sequence (a n ) in Theorem 
[5] can be written as a n = n l l a L(n) where L is a slowly varying function. 

Proof of Theorem UJ We first show the equivalence of Q and ([5]) under the conditions 
of Theorem [2] setting d n := a n . In fact ([3]) is a direct consequence of Theorem 6.2 in 
DeAcosta and Gine [3]. d2|) can be easily verified using the facts that a n = n l l a L{n) and 
L(k) I L(n) <C (k/n) £ for any e > where L is a slowly varying function. Thus by Theorem 

[3] (HJ) is equivalent to ([5]) with Y n = A" n satisfying the conditions of Theorem [2j Now 
applying Lemma H] and Lemma [5] we get 

log 



1 N I f ^ \ 



< .r j - ? { / — — < ;r ) as N -> 00. 

□ 
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